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Abstrat
The Hamiltonian theory of a relativisti string is onsidered in a speifi referene frame in
terms the diffeo-invariant variables.
The evolution parameter and energy invariant with respet to the time-oordinate trans-
formations are onstruted, so that the dimension of the kinemetri group of diffeomorphisms
oinides with the dimension of a set of variables whose veloities are removed by the Gauss-
type onstraints in aordane with the seond Nother theorem. This oinidene allows us
to solve the energy onstraint, and fulfil Dira's Hamiltonian redution.
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1. Introdution
The main diffiulty of the theory of a relativisti string is the group of diffeomorphisms, i.e.
general oordinate transformations [1℄.
There is an essential differene between the frame group of the Lorentz  Poinare-type
leading to a set of initial data and the diffeomorphism group of general oordinate transformations
restriting these initial data by onstraints. This differene was revealed by two Nother theorems
[5℄
1
.
Starting position of the paper is the group of diffeomorphisms of this Hamiltonian frame
known as the kinemetri one in general relativity [6℄. This kinemetri group ontains global
reparametrizations of the oordinate time and loal transformations of a spatial oordinate, and
it requires to distinguish a set of variables with the same dimension, veloities (or momenta) of
whih are removed by the Gauss-type onstraints from the phase spae of physial variables in
aordane with the seond Nother theorem.
A similar Hilbert-type [2, 3℄ geometro-dynami formulation of speial relativity (SR) [7℄ with
reparameterizations of the oordinate evolution parameter shows that the energy onstraint fixes
a veloity of one of the dynami variables that beomes a evolution parameter. In partiular,
in SR suh a dynami evolution parameter is well known, it is the fourth omponent of the
Minkowskian spae-time vetor.
In order to realize a similar onstrution of the Dira  ADM Hamiltonian GR [8℄, one should
point out in GR a homogeneous variable that an be a diffeo-invariant evolution parameter in
the field spae of events [9℄ in aordane with the kinemetri diffeomorphism group of GR in
the Hamiltonian frame [6℄.
Thus, in the standard approah to a relativisti string this homogeneous evolution parameter
is not split, so that the dimension of the Hamiltonian onstraints does not oinide with the
dimension of the diffeomorphism group.
In the present paper, a evolution parameter is identified with the homogeneous omponent
of the time-like variable [10℄ in aordane with the seond Nother theorem.
2. Diffeo-Invariant Content of a Relativisti String
To illustrate the invariant Hamiltonian redution let us onsider the ation for a relativisti
string [1℄ in the form whih has been done by L. Brink, P. Di Vehia, P. Howe [11℄
S = −γ
2
∫ ∫
d2u
√−ggαβ∂αxµ(u0, u1)∂βxµ(u0, u1), (u0, u1) = (τ, σ), (1)
where xµ(τ, σ)  string oordinates given in d-dimension spae-time (µ = 0, 1, 2, . . . , d − 1),
gαβ(u0, u1)  is a seond-rank metri tensor on the string surfae (two dimensional Riemannian
spae u0, u1).
Now let us onsider the Hamiltonian sheme whih is based on the ArnowittDeserMisner
parametrization of metri tensor gαβ [12℄
gαβ = Ω
2
(
N2
0
−N2
1
N1
N1 −1
)
, gαβ =
1
Ω2N2
0
(
1 N1
N1 N
2
1
−N2
0
)
,
√−g = Ω2N0 (2)
with the onformal invariant interval
ds2 = gαβdu
αduβ = Ω2[N20 dτ
2 − (dσ +N1dτ)2], (3)
1
One of these theorems (the seond) was formulated by Hilbert in his famous paper [2℄ (see also its revised
version [3℄). We should like to thank V.V. Nesterenko who draw our attention to this fat [4℄.
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where N0 and N1(τ, σ) are known in GR as the lapse funtion and shift vetor, respetively.
The ation (1) after the substitution (2) does not depend on the onformal fator Ω and takes
the form
S = −γ
2
∫ τ2
τ1
dτ
∫ l
0
dσ
[
(x˙µ −N1x′µ)2
N0
−N0x′2
]
, (4)
where x˙µ = ∂τxµ, x
′
µ = ∂σxµ and x˙µ −N1x′µ = Dxµ is the ovariant derivative with respet to
the metri (3). The ation (4), the metri (3) and the ovariant derivative Dxµ are invariant
under the kinemetri transformation τ → τ˜ = f1(τ), σ → σ˜ = f2(τ, σ). These transformations
of the differentials dτ˜ = f˙1(τ)dτ , dσ˜ = f˙2(τ, σ)dτ + f2
′(τ, σ)dσ orrespond to transformations of
the string oordinates
xµ
′(τ, σ) = x˜µ
′(τ˜ , σ˜)f2
′(τ, σ),
x˙µ(τ, σ) = ˙˜xµ(τ˜ , σ˜)f˙1(τ) + x˜µ
′(τ˜ , σ˜)f˙2(τ, σ), (5)
N0(τ, σ) = N˜0(τ˜ , σ˜)
f˙1(τ)
f2′(τ, σ)
, N1(τ, σ) = N˜1(τ˜ , σ˜)
f˙1
f˜2′
+
f˙2
f˜2′
,
Dτxµ(τ, σ) = f˙1(τ)Dτ˜ x˜µ(τ˜ , σ˜) (6)
The variation S with respet to N0 and N1 leads to equation for determination N0, N1
δS
δN0
=
(Dxµ)
2
N2
0
+ x′2 = 0 ⇒ N20 =
(x˙x′)2 − x˙2x′2
(x′2)2
, (7)
δS
δN1
=
(x′µDx
µ)
N0
⇒ N1 = (x˙x
′)
x′2
, (8)
The substitution of these equation in ation (4) onverts it into the standard NambuGoto ation
of the relativisti string [1℄
S = −γ
∫ τ2
τ1
dτ
∫ l
0
dσ
√
(x˙x′)2 − x˙2x′2. (9)
One an onstrut the Hamiltonian form of S. The onjugate momenta are determined by
pµ =
δS
δx˙µ
= γ
x˙µ −N1xµ′
N0
⇒ x˙µ = N0 pµ
γ
+N1xµ
′
(10)
and density of Hamiltonian is obtained by the Legendre transformation
H = pµx˙
µ − L = N0 p
2 + γ2x′2
2γ
+N1(px
′), (11)
then
S = −
∫ τ2
τ1
dτ
∫ l
0
dσ [pµx˙
µ −H] . (12)
The seondary lass onstraints arises by varying S with respet to N0, N1
δS
δN0
=
p2 + γ2x′2
2γ
= 0,
δS
δN1
= (px′) = 0. (13)
3
The equations of motion take the form
δS
δxµ
= p˙µ − ∂
∂σ
(γN0x
′
µ +N1pµ) = 0,
(14)
δS
δpµ
= x˙µ −N0 pµ
γ
+N1x
′
µ = 0.
The standard gauge-fixing method is to fix the seond lass onstraints (orthonormal gauge)
N0 = 1, N1 = 0. In this ase the equations of motion (14) redue to d'Alambert ones for xµ
p˙µ = γxµ
′′, x˙µ =
pµ
γ
⇒ x¨µ − xµ′′ = 0, (15)
the onformal interval (3) takes the usual form
ds2 = Ω2[dτ2 − dσ2],
but the Hamiltonian (11) in view of the onstraint (13) is equal to zero (H = 0).
There is another way to introdue evolution parameter as the objet reparameterizations
in the theory being adequate to the initial kinemetri invariant system and to onstrut the
non-zero Hamiltonian. We identify this evolution parameter with the time-like variable of the
enter of mass (CM) of a string defined as the total oordinate
Xµ(τ) =
1
l
∫ l
0
xµ(τ, σ)dσ = 〈xµ〉. (16)
The redution requires to separate the enter of mass variables before variation of the ation
(4) whih after substitution
xµ = Xµ(τ) + ξµ(τ, σ), x
′
µ(τ, σ) = ξ
′
µ(τ, σ), (17)
∫ l
0
ξµ(τ, σ) = 0 (18)
takes the form
S =
γ
2
∫ τ2
τ1
dτ
{
X˙2(τ)
∫ l
0
dσ
N0(τ, σ)
+ 2X˙µ(τ)
∫ l
0
dσ
(
ξ˙µ −N1ξ′µ
N0
)
+
+
∫ l
0
dσ
[
(ξ˙µ −N1ξ′µ)2
N0
−N0ξ′2(τ, σ)
]}
. (19)
The usual determination of the onjugate momenta
Pµ(τ) =
δS
δX˙µ(τ)
= γX˙µ(τ)
∫ l
0
dσ
N0(τ, σ)
+ γ
∫ l
0
dσ
(
ξ˙µ(τ, σ) −N1ξ′µ(τ, σ)
N0(τ, σ)
)
, (20)
piµ(τ, σ) =
δS
δξ˙µ(τ, σ)
= γX˙µ(τ)
1
N0(τ, σ)
+ γ
ξ˙µ(τ, σ) −N1ξ′µ(τ, σ)
N0(τ, σ)
(21)
leads to the ontradition beause Pµ(τ) and piµ(τ, σ) are not independent, namely
∫ l
0
piµ(τ, σ)dσ =
Pµ(τ).
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Thus for the onsistent definition of the momentum of enter-mass Pµ(τ) and momentum
of intrinsi variables piµ(τ, σ) we have to put strong onstraint in ation (19)
∫
dσ
(
ξ˙µ(τ, σ)−N1ξ′µ(τ, σ)
N0
)
= 0. (22)
Then we obtain the following form of the redued ation:
Sred =
γ
2
∫
dτ
{
X˙2(τ)
l
N(τ)
+
∫ l
0
dσ
[
[ξ˙µ(τ, σ) −N1ξ′µ(τ, σ)]2
N0(τ, σ)
−N0(τ, σ)ξ′ν2(τ, σ)
]}
, (23)
where N(τ) is the global lapse funtion
1
N(τ)
=
1
l
∫ l
0
dσ
N0(τ, σ)
= 〈N−1
0
〉. (24)
For global momenta we get
Pµ(τ) =
∂Sred
∂X˙µ(τ)
= γX˙µ(τ)
l
N(τ)
(25)
and for the loal (intrinsi) momenta
piµ(τ, σ) =
∂Sred
∂ξ˙µ(τ, σ)
= γ
ξ˙µ(τ, σ)−N1(τ, σ)ξ′µ(τ, σ)
N0(τ, σ)
(26)
with two strong onstraints (18) and (22)∫ l
0
ξµ(τ, σ)dσ = 0,
∫ l
0
piµ(τ, σ)dσ = 0. (27)
This separation onserves the group of the kinemetri transformation (5) and leads to Hamil-
tonian form of redued ation, in view of
X˙µ(τ) =
N(τ)
l
Pµ(τ)
γ
; ξ˙µ(τ, σ) =
N0(τ, σ)
γ
piµ(τ, σ) +N1(τ, σ)ξ
′
µ(τ, σ), (28)
we get
H = PµX˙
µ(τ) + piµξ˙
µ − L = 1
2γ
{
N0(τ, σ)
l
P 2(τ) +N0(τ, σ)[pi
2 + γ2ξ′2] + 2γN1(piξ
′)
}
, (29)
S =
∫ τ2
τ1
dτ
{
Pµ(τ)X˙
µ(τ)−N(τ)P
2(τ)
2γl
+
∫ l
0
dσ
[
(piξ˙)−N0pi
2 + γ2ξ′2
2γ
−N1(piξ′)
]}
. (30)
The equation of motion is split into global one
δS
δX˙µ(τ)
= P˙µ(τ) = 0,
δS
δPµ(τ)
= X˙µ(τ)−N(τ)Pµ
γl
= 0
and loal one
δS
δpiµ(τ, σ)
= ξ˙µ(τ, σ) − N0
γ
piµ −N1ξ′µ = 0, −
δS
δξµ(τ, σ)
= p˙iµ − ∂
∂σ
(N1piµ + γN0ξ
′
µ) = 0. (31)
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The variation of the ation (30) with respet to N0(τ) results in the onstraint
δS
δN0(τ, σ)
=
N2(τ)
N2
0
(τ, σ)
P 2(τ)
2γl2
+
pi2(τ, σ) + γ2ξ′2(τ, σ)
2γ
= 0, (32)
here it is neessary to take into aount that the variation over the global lapse funtion (24)
leads to
δN(τ)
δN0(τ, σ)
=
N2(τ)
N2
0
(τ, σ)
. (33)
The variation of the (30) with respet to N1(τ, σ) results in the onstraint for loal variables
δS
δN1(τ, σ)
= (piξ′(τ, σ)) = 0. (34)
Now we introdue the Hamiltonian density for loal exitations
H(τ, σ) = −pi
2(τ, σ) + γ2ξ′2(τ, σ)
2γ
(35)
and rewrite (32) in the form
N(τ)
N0(τ, σ)l
√
P 2µ(τ) =
√
2γH(τ, σ). (36)
One integrates (36) over σ and taking into aount the normalization equality (24)
1
l
∫ l
0
N(τ)
N(τ, σ)
dσ = 1, (37)
it leads to global onstraint
Mst =
√
P 2µ(τ) =
∫ l
0
√
2γH(τ, σ)dσ = l〈
√
2γH〉, (38)
where Mst is mass of the string. The loal part of the onstraint (36) an be obtained by
substitution (38) into (36)
N(τ)
N0(τ, σ)
=
√
H(τ, σ)
〈√H〉 . (39)
Finally, after substitution (38), (39) into ation (30) we an derive the onstraint-shell ation,
whereas the equation N(τ)P 2(τ)/2γl =
∫
N0(τ, σ)H(τ, σ)dσ
Sconst−shell =
∫ τ2
τ1
dτ
{
PµX˙
µ(τ) +
∫ l
0
dσ
[
piµ(τ, σ)ξ˙
µ(τ, σ) −N1(τ, σ)piµ(τ, σ)ξ′µ(τ, σ)
]}
. (40)
Again the variation with respet toN1(τ, σ) results in subsidiary ondition (piµ(τ, σ)ξ
′µ(τ, σ)) = 0.
Now in the enter-mass oordinate system Pi(τ) = 0, P0(τ) =
∫ l
0
dσ
√
2γH(τ, σ) the ation
(40) takes the form
Sconst−shell =
∫ τ2
τ1
dτ
∫ l
0
dσ
{√
2γH(τ, σ)X˙0(τ) + piµ(τ, σ)ξ˙µ(τ, σ)
}
, (41)
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whih desribes the dynamis of a loal (intrinsi) anonial variables of a string with non-zero
Hamiltonian beause (41) an be rewritten in the form
Sconst−shell =
∫ x2
x1
dX0
∫ l
0
dσ
{
piµ(X0, σ)
∂ξµ(X0, σ)
∂X0
+
√
2γH(X0, σ)
}
, (42)
where
2γH(X0, σ) = −[pi2(X0, σ) + γ2ξ′2(X0, σ)]
and time dX0 = X˙0(τ)dτ is invariant with respet to dτ˜ = f1dτ.
In the gauge-fixing method, by using the kinemetri transformation, we have to putN0(τ, σ) = 1,
N1(τ, σ) = 0 (this requirement does not ontradit to Eq. (37) in view of Eqs. (38), (39)). Then
aording to [10℄ √
H(τ, σ) = 1
l
∫ l
0
dσ
√
H(τ, σ) = Mst√
2γ l
(43)
means that the Hamiltonian
√
2γH(τ, σ) is onstant. In this ase the equations for the loal
variables obtained by varying the ation (42) take the form
δS
δpiµ(X0, σ)
=
∂ξµ(X0, σ)
∂X0
− piµ(X0, σ)√−(pi2 + γ2ξ′2) = 0, (44)
δS
δξµ(X0, σ)
= −∂piµ(X0, σ)
∂X0
+ γ2
∂
∂σ
[
ξ′µ(X0, σ)√
−(pi2 + γ2ξ′2)
]
= 0. (45)
If we put aording to Eq. (43)
√
−(pi2 + γ2ξ′2) = γ, (Mst = γl), then it leads again to
d'Alambert equation for ξµ(X0, σ)
∂2ξµ(X0, σ)
∂X2
0
=
∂2ξµ(X0, σ)
∂σ2
. (46)
The general solution of these equations in lass of funtions (27) with boundary onditions for
the open string ξ′µ(X0, 0) = ξ
′
µ(X0, l) = 0 is given as usually by the Fourier series
ξµ(X0, σ) =
1
2
√
γ
[Ψµ(X0 + σ) + Ψµ(X0 − σ)],
ξ′µ(X0, σ) =
1
2
√
γ
[Ψ′µ(X0 + σ)−Ψ′µ(X0 − σ)], (47)
piµ(X0, σ) =γ
∂ξµ(X0, σ)
∂X0
=
√
γ
2
[Ψ′µ(X0 + σ) + Ψ
′
µ(X0 − σ)],
where
Ψµ(z) = i
∑
n 6=0
αnµ
n
e−
ipin
l
z, Ψ′µ(z) =
pi
l
∑
n 6=0
αnµe
− ipin
l
z
(48)
it is very important to stress that (48) does not ontain zero harmonis (n 6= 0)). The substi-
tution of ξµ and piµ in this form into (35) and taken into onsideration (43) leads to density of
Hamiltonian
H = −1
4
[
Ψ′2µ(X0 + σ) + Ψ
′2
µ(X0 − σ)
]
=
M2st
2γl2
. (49)
From the onstraint (34) (piξ′) = 0 in terms of the vetor Ψ′µ (47) we obtain
(
piµ(X0, σ)ξ
′µ(X0, σ)
)
=
1
4
[
Ψ′2µ(X0 + σ)−Ψ′2µ(X0 − σ)
]
= 0, (50)
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then from (49) and (50) finally we get
Ψ′µ
2(X0 + σ) = Ψ
′
µ
2(X0 − σ) = −M
2
st
l2γ
. (51)
It means that Ψ′µ(z) is the modulo-onstant spae-like vetor and in terms of its representation
(48) the equalities (51) an be rewritten
−Ψ′µ2(z) =
pi2
l2
∞∑
k=−∞
Lke
−ipik
l
z =
M2st
l2γ
, (52)
where
Lk = −
∑
n 6=k,0
αnµα
µ
k−n, L
∗
k = L−k .
Now we an see that the zero harmoni of this onstraint determines the mass of a string
M2st = pi
2γL0 = −piγ
∑
n 6=0
αnµα
µ
−k, α
µ
−k = α
∗
k
µ
(53)
and oinides with standard definition in string theory [1℄, however the non-zero harmonis of
onstraint (52)
Lk 6=0 = −
∑
n 6=0,k
αnkα
µ
k−n = 0 (54)
strongly differ from the standard theory beause they do not depend on the global motion(do
not depend on Pµ) and do not ontain the interferene term PµΨ
µ′
, beause of our onstraint
(51) we an rewrite
l2γΨ′µ
2(z) + P 2µ = 0 (55)
instead standard one [1℄
(Pµ + l
√
γΨ′µ(z))
2 = 0. (56)
Therefore diffeo-invariant approah oinides with the Rohrlih one [13℄, whih is based on the
gauge ondition Pµξ
µ = 0, Pµpi
µ = 0 ⇒ Pµαµn = 0, n 6= 0. One use of that ondition for
eliminating the time omponents ξ0, pi0 being onstruted in the frame of referene (Pi = 0) leads
to formula (47)(54), where Ψ′
0
and αn0 are equal to zero.
3. Conlusions
The standard approah to a relativisti string is not invariant with respet to the time oordinate
transformations. It is the problem as, in diffeo-invariant theories, all observable quantities should
be the diffeo-variant ones.
We propose here to solve this problem as in [7℄, where the referene frame is redefined by
pointing out diffeo-invariant homogeneous time-like variable in aordane with the dimension
of the diffeomorphism group.
Just this hoie of an evolution parameter simplifies the Hamiltonian equations and leads
to exat resolution of the energy onstraint with respet to the anonial momentum of the
evolution parameter. We have shown that this diffeo-invariant approah to a relativisti string
orresponds to the Rohrlih spetrum [13℄.
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